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Problem 5-4: Energy degeneracy in a cubical box.

(a) The quantized values of energy for a particle in a cubical box are

2

h
E = SmaZ (ni —l—nz —l—ni) ,

where n., n, and n, are positive integers. The lowest energy is

3h?
E =
07 8ma?
with the choice (ng,ny,n.) = (1,1,1).
(b) The second-lowest energy level is
3h?
B =2
' dma?

when the integers (ng,n,,n;) are any of the sets (2,1,1), (1,2,1) or (1,1,2).
This energy level is threefold degenerate. Although they have the same energy
eigenvalue, the three states are distinguishable: depending on which quantum
number takes on the value of 2, there will be an additional node in the wave-
function for this cartesian direction.

(¢) The table below gives the number of degenerate states for each value of
n?. When n? takes the value 14 we have a sixfold degenerate energy level, i.e.
the six possible permutations of the set (1,2,3). (or (1,2,5) for n?=30, or (3,4,5)
for n?=>50, etc.)

n? (N, Nyyy Mz) degeneracy
3 110 1
6 | (1,12) (1,2,1) (2,1,1) 3
9 | (1.22) (2,1,2) (2.2,1) 3
11| (1,1,3) (1,3.1) (3,1,1) 3
12 (2,2,2) 1




Problem 5-6. Spherically symmetric states in the hydrogen atom.

(a) We assume a form for our solution,
u(r) = (Ar + Br?)e™"",
which upon differentiation twice gives

2
L u(r) = [P(Ar + Br?) — 9b(A + 2Br) + 2B] "

dr?
B B B B o _br
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Plugging this into Eq. 5-19 (Schrodinger equation with hydrogen-like potential):
n? d? Ze?

Sl ) — Tu(r) = Fu(r)

Al (B )+ (542w B

_ <ZTQQ> (Ar + Br?) = E(Ar + Br?)

Equating terms of the same order in r, we have:

2 /B
_% <Z _ b) —_Ze2 =0 (Oth order)
h? B B
—— (p—4=)b-2ze2= =E 1
- <b A) b = (1st order)
h2b?
5= E (2nd order)

From the zeroth-order equation above, we find

B A
“——_p- =
A CL()7
where
hQ
0= e

Substituting into the first-order equation:

2 Z Z
—h— <—3b+4—>b—Z62 <b——> =F
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then substracting the second-order equation, we have

3/2 1/ 7Z\?
V- (=)b+=(=) =0
2(&0) +2<a0)



Solving this quadratic polynomial for b gives us two possible solutions, which
actually correspond to the two lowest energy states for this potential.

=2 b= 2
ap 2a0
B 0 B Z
A - A - 2a0
h?z? h?z?
B =— 5 Ey = — 5
2mag 8mag

Problem 5-10. Normalizing a hydrogenic wavefunction.

We are seeking the normalized wavefunction for the first excited state of the
hydrogen-like atom, with

00 A 2
0
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where
oo
InE/ re=2r/e0 gy,
0

A quick integration by parts will convince you that the above integral can be
calculated recursively:

In = a_OnInfl (n 7& 0) ag \"+1
I():a—ZZO = In:n!(fo)

Thus, using the above together with the normalization condition, we have

[ tosterae = seiape ()" =1

1 7\ 3/2
and we find A = —— | — up to a complex phase.
2V 2w (ao >



Problem 5-13. Expectation values of various quantities.

(a) To find the expectation value of position of the harmonic oscillator, we
need to evaluate

<w:/wﬂ%uwm.

Since the potential we consider here is symmetric under the mirror trans-
formation * — —x, the wavefunctions ¢, (z) are either symmetric or anti-
symmetric: |, (x)|? is always even. Thus, our integrand is odd and integrating
over —oo < x < oo yields an expectation value of zero for any value of the
quantum number n.

(d) From table 4-1, the ground state wavefunction is

1\Y2 .,
1= () o

The expectation value is

@%z/mfwmwm

—00
— 1 /OO 2 7w2/a2d
= o 7003; e x.
Integrating by parts, wu=1x dv=mze*/dy
1
du=dx v= —50,26_12/(12

(a), where I(a) = / e/ g

— 00

a
we get (2%) = ——1T

This is an important integral which we now evaluate. The trick is to take its
square, evaluate it with different dummy integration variable, then switch from
cartesian to polar coordinates:

(I(a))? = </ ew2/“2dx) </ ey2/“2dy>
= //OO e*(w+y)2/“2d;vdy
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Thus, I(a) = ay/7 and (z?) = La?.



Problem 6-2. Diagnosis using an xy analyzer.

(a) Since there is an orientation (call it # = 0) of the analyzer for which the
output of channel x is zero, we conclude that beam A is linearly polarized along
y for this orientation. As we rotate the analyzer, intensities from both channels
will vary as

I.(9) = Iysin?(9),
L,(0) = Iocos*(0).

(b) Since intensities from both channel are independent of the orientation of the
analyzer, we conclude that beam B is either circularly polarized or unpolarized.

(c) Beam C is either elliptically polarized or a partial linear polarization.

Problem 7-2. Combination of quantum amplitudes.

When the (R) L channel is blocked, the RL analyzer has the effect of projecting
onto the (left-) right-circular state. An incident linear state passing through a
circular polarizer will see its intensity reduced by half. Transmitted through
the RL analyzer is a circularly-polarized beam incident on a y projector, which
reduces its intensity by half again. In the end, a quarter of the intensity at A
has been transmitted at B.

With both channels open the RL analyzer loop transmits the full intensity of
the incident beam and has no effect on its polarization. The y projector com-

pletely blocks the transmission of z-linear light; the beam has zero intensity at B.

Using projection amplitude formalism:

(a) quantum amplitude = (y|L){(L|z) = (%) <\_/_%) _ —72
1
4

intensity at B = |(y|L)(L|z)|*> =
) ()=

—1

5 +
intensity at B = |(y|L)(L|z) + (y|R)(R|z)|* = 0

(b) quantum amplitude = (y|R)(R|z) = <

intensity at B = |(y|R)(R|z)|* =

H>I>—‘%|>—~
[\

(c) quantum amplitude = (y|L){L|z) + (y|R){(R|z) = =0

1
2



Problem 7-9. Properties of a given photon polarization state.

First, we note that the state [¢) is correctly normalized, since the projection

onto itself gives unity:
3 43 3 49
(Gel-Fu) (0i+m3)

= 2% (9(z|z) +16{yly) + 12i(z(y) — 12i(y|x))

=1

(Y1)

If this wasn’t the case, we would have to renormalize our results by dividing by
[(4])[? everywhere.

. . . . 4 .
(a) The quantum amplitude for projecting along y is (y|¢») = %'. The fractions
of photon passing a y projector is

16
[{ylv)* = 35 = 04%.

b) Projecting along z’ corresponds to the amplitude (z’[¢)) = 2 cosf + £ sin 6.
5 5
The fraction of transmitted photon is

9 16 1
(2 [0)]* = 2—5C0829+ 2—5811129 =3 (9—i-7sin2 9) .

(¢) We need to identify how much of the beam is circularly polarized. The quan-
tum amplitude and probability for projecting into the left- and right-circular
states are

_ 3 4l 2_ 1
<L|w>—5\/§+5\/§—5\/i = (L) = =,
_34 4l 7 249
<R|¢>—5\/§+5\/5 w = [(RI)I* = .

This indicates that a photon in the state described by [¢) is found to be left-
(right-) circularly polarized 2% (98%) of the time. A left- (right-) polarized pho-
ton carries i (—Ah) of angular momentum. On average, the angular momentum
added to the absorbing surface is

(h) + z5(=h) = —2=h

per photon.



