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Problem 4-5: The consequences of symmetry.

(a) We know that ¢, (x) is a solution to Schrodinger’s Equation, such that
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If we reflect everything about the x = 0 axis (as though we reflect the system
in a mirror), it will obey exactly the same physics with x — —z, that is

h? 0%, (—x)

_% 6(—,13)2 =+ V(—x)wn(—x) = En'wn(_x)

We are given that V(—z) = V(x). Since this is the case, we may say that there
is another solution to the problem, ¢(z) = ¥(—x):
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+V(2)pn(z) = Epdn(x).

As this matches the first Schrédinger equation with ¢(z) — ¥(z), ¢(z) is also
a solution.

(b) Assume there are two distinct eigenfunctions, i.e., ¢; and ¢2 which are
corresponding to same eigenvalue E,,. The SE of each eigenfunction are given
by

61 (@) + V(@) (x) = Bud (0),

_2’Lmd§¢2(x) +V(@)¢a(x) = Entho(a).

Mutliplying each expression by another eigenfunctions, and substract them to-
gether, thus gives

Ga2dip1 — prds s = 0.

Integrate the above in all z-space, integrating by parts, we then have
Podar — Pr1dad2 = 0.

Shuffle the expression and we get
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Integrate it once more over x and we have
Ing; =Inge +C,

i.e., p1 = C'¢3 where C and C’ are constants. Thus, there is only one eigen-
function corresponding to each eigen-energy in 1-d case.

(c) Following the previous observations, since ¢,,(—x) and 9, (z) share the same
eigenvalue, it should be that

’(/}n(—l') = a¢n(x)

for some constant a.. Also, |a|? must be unity in order to retain normalization.
Thus, « lies on the unit circle in the complex plane (o = €% with 0 < § < 27).
For 1-d potentials, we can always choose the wavefunction to be real. There are
two values of § which guarantee the reality of a: § = {0,7}. So a = +1, and

wn(_x) = iwn<x)

Problem 4-6. The simple harmonic oscillator.

(a) The width parameter is a = (h/mwo)'/?. The maximum displacement of

the classical oscillator is given by the condition that the total energy is equal
to the potential energy V(z) = %CwQ = %mw%xz. If the total energy is %hwo,

then
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(b) We take ¢(z) = (1 + b:rz)e’””Q/z“2 and plug it into Schrodinger’s equation

with V(z) = imwdaz?:
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+ 3mtY(@) = B(a).

The first derivative of ¥ (x):

O(z) = e~ /20" 4 1+ bxz)(_—f)e*ﬁ/z'f.
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The second derivative of ¢(z):
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We notice that the quantities in round brackets are very similar, and are, indeed,
the same if we assign 2b = —4/a? or b= —2/a?. In this case,

gz = ¢ [(be?)(a‘*_a?ﬂ
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Putting this into the Schrédinger equation, then substituting for a? = hA/mwy

—h? (a:Q 5 ) W(2) + 2mwa? () = Evip(z)

2m

at a? 2
—h? [z 5 1
2m <a4 - a2) + gmwga’ = By
—R% [(2®mPw?  Bmwg 1
Eyee < = 0 _ W ) + 5mw§x2 =F,
1 5 1
757710.}(2)1'2 —+ ihwo —+ 5771(.()8.’]62 = En
En = §hWO
2

Thus, this expression satisfies Schrodinger’s equation for E = %hwo. We
require that b = —2/a?.



Problem 4-9. Classically forbidden regions for the simple harmonic oscilla-
tor.

The normalized wavefunction for the ground state of the one-dimensional simple
harmonic oscillator is given in Table 4-1:

1 \Y% ..
iy = (1)

As we saw in Problem 4-6, the classically allowed region falls between a and —a.
We integrate the probability of finding the particle outside this region:

Plel > a) = 2 " () Pde
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We make a substitution ¢t = z/a, with dt = dx/a

2 R
P(lz| >a) = ﬁ/l e dt

This is a standard (non-analytic) integral called the complimentary error func-
tion, often denoted by “erfc” in mathematics programs. For example, in MAT-
LAB, erfc is defined as “erfc(x) = 2/sqrt(pi) * integral from x to inf of exp(-tA2)
dt = 1 - erf(x)” by typing “help erfc” at the command line. Thus, if we ask
MATLAB for the value of our complimentary error function, we have

P(lz| >a) = erfc(l) = 0.157

So, we find the particle outside the classically allowed region about 16% of the
time.



Problem 4-10. Visual observation of a quantum oscillator.

(a) To find the approximate quantum number of the system, we determine its
energy and divide by the energy per quantum. Since we have been given that
the amplitude of oscillation is 107° m, we can determine energy from .z, as
in Problem 4-6. The total energy is:

1
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1
= 5(10—9kg)(27r x 1000Hz)?(10~°m)?
= 1.97x107'2J

while a single quantum of energy is

Equantum = hVO
= (6.63 x 1073*Js)(1000Hz)
= 6.63x107%1)]

Thus, we can calculate the approximate quantum number:

Fiot.
Nyuanta = _otal 3 x 108

Equantum

(b) In the lowest energy state, E = huy,

1
Ey, = 5(6.63 x 10734Js)(1000Hz) /(1.6 x 10~ %V /J)
= 21x10712%eV

which is about 10 orders of magnitude smaller than average thermal energy of
air molecules at room temperature (1/40eV = 0.025¢eV).

(¢) The classical amplitude of vibration in the lowest energy state is given by
a =

v/ (h/muwy).

L (6.63 x 10734 /272Js) \'/?
— \(10~%g) (27 x 1000Hz)
= 41x10""m

which is about 8 orders of magnitude smaller than the wavelength of visible light
(A &~ 500nm), which means that it is impossible to optically observe a vibration
of this amplitude.

(d) As a referree, I would not award a grant to carry out this proposal, as
the scales on which any visual observation could be made is impossible due to
the smallness of the amplitude of single quantum vibrations and the thermal
noise that would overwhelm the system.



