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Heat and Mass Transfer

General Balance: same for all transfers: %: B,-B,, +B,, —B,, orthe rate of change of B in the control

volume (CV) is equal to amount of B input/output to/from the CV plus/minus any B generated/destroyed inside.
Control Volume: the volume which you consider as the system. You must always define this or you get zero.

Mass Balance: since mass cannot be created/destroyed we have: — L =ph, -,
Steady State: does not change or vary with time. In this case d/df=0. Ex. For steady state flow through a pipe
of area 4, to area 4, the velocity changes, v, <v, for 4, > 4,. Assuming density, p to be constant then:
O=pwd-pvdy = v=wAl4.
Continuity Equation: derived in class using a volume of AxAyAz with in/out flux in each direction as for ex. ,
(pv,) AyAz~(pv,) AyAz. Taking the limit of each of these and rearranging gave the continuity equation:
oo 3(ev.) 8(ev,) 3(pv.)
[ e & oz

=0 or simply, %D+V7-(p\7}=0
ag,}+a(v,)+a(v,)=§_a=o

E
3(ew), 3(ew,) 3(en) g (5
T &y &

Energy: the sum of kinetic, gravitational, and internal energy respectively is: E=m(v’lz+gh+ﬁ).
Energy Balance: since energy cannot be created/destroyed we have: di:’" =E -E,

Energy In/Out Mechanisms:
1. Work: either by pressure/volume (Pd¥), shaft work, or electrical work.
2. Heat: Conductive heating is when particles collide with each other and transfer heat. Convective heating
is between a solid/fluid interface. Resistive heating is heating within a solid.
3. Mass Transferring In/Out: can bring energy in with it: _M(V’I2+gh+ﬁ).
4. Conversion of ordered forms of energy into internal energy.
Fourier’s Law of Heat Condncdon. caused by the collision of particles. The heat flux, g, is defined by:

q, =-—k: (x-direction) or g=-kVT (in general)

Where k is the thermal conductivity constant and 7 is the temperature. The units of ¢ are .H(m’-s). To get

the total heat flux for a given area, (, you must multiply g by the area, 4. Notice the heat flux points down the

temp. gradient, thus a decrease in temperature represents a positive heat flux.

General Method of Solving Balance Questions: for ex., a heat transfer through a slab of width L and area 4:
Define CV as a thin cut out slab, x — x+Ax ﬁomﬂnlarguslab,sti!lvdthmsssecﬁamlmd.
Write out the balance equation, assuming steady state here: 0=(g,), 4-(g.),.,.

For incompressible fluid, p doesn’t vary in space or time:

For steady state, p can still vary in space:

e Divide by differential value, Ax and take limit, which is the derivative: lm—"& i= .

dx
s Integrate this to get g = ¢, and set equal to the corresponding law: q‘,-c,:—deld'.
® Rearrange and integrate both sides to get: de= I—(c,l!c)dx = T=—(cx/k)+c,
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¢ Apply Boundary Conditions to solve for the constants, Here, @x=0,T =T, and @x=L,T=T,.
1(:)-1,

T.-T,

o Aside: Rearranging for 7(x) and plugging into Fourier’s Law gives: g/’ = k(T,-T,)/L.

Newton’s Law of Cooling: describes the effects of convection. The heat flux in this case is: ¢, =h(Ty~T.)
This is the heat flux from the surface at 7, to the bulk fluid next to itat 7, . In general it is in the direction from
the first temp to the second temp written. h is the conveetive heat transfer coefficient. The sign of (7, ~7.)
determines if heating or cooling takes place. Ex. Two slabs in contact with each other with fluid at 7,, touching
the 7, slaband 7,_, fluid touching the 7; slab. First write out each heat flux:

KGR TR ) n=ha(Tu-T)4, 48 =hu(T,-T.)4

e Write out the relationship with the constants in place: = % This is the relationship required.

s e
Atsleadysmc:q'=:ﬁ-=q:=q',‘=;~.Rmmgingaﬂforﬂwir(T—T)mmdaddingtomlmm.givcs:
1 1 1
At =T~ T "[M ARTL . AR L, h_A]
This can be rearranged for g. This is similar to Ohm’s Law with T=V,g=Land R =— Ru-

41: L’
Mmimmmmhdddhmudwhmﬂabsmmummhmhﬂ,jmhkemﬂdmm
Resistive Heating: denoted Se in units J/m’ -5, thus you must multiply by the volume before you place this
term on the right side of the energy balance equation. Ex. For a cylindrical problem follow the steps as above
and set g equal to Fourier’s Law at the curved surface of the cylinder. Using the boundary conditions,

~SeR? rY
E [ ]
4k [ [R) ]”"

Total Heat Loss: from the cylinder example sbove it is: O=(g,), (4), =5 ~2#RL = SexR?L. This can also

@r=R,T=T, and @r=0,const =0 (otherwise g would go to infinity). .T(r)=

be found if the CV is the entire cylinder: 0=Se¥ ~ 0\, rie = SR L0 e -

Predicting Differential Direction: if you are given many variables in which your CV could be differential with
respect to such as: T'(r,6,z,t) you have to chose one to focus your problem around. If steady state, time is
irrelevant. For things such as a cylinder, the angle is irrelevant since at each angle around it should be the same.
So you are left with z and r, which you have to determine which has a bigger effect in the problem. You do this
by relating them to their derivatives, 67'/8z <<@T /@ , since z>>r for a cylinder, thus you would chose T(r).
Species Mass Balance: the transfer of particles diffusing through a fluid. The main unitis N, which is the
moles of species 4. Also, the mass of 4, m, can be used. The balanced equation is:

aN, 5 5
"é;d' NA- Nn.n"'Na,;n_NA.du

The generations and destruction can occur through chemical reactions in this case.
1-Compartment Model: consider a control volume ¥, that has an injection at +=0. The concentration is given
by N, =VC,. A rate constant kis used to represent how fast 4 is cleared or destroyed from the volume. Thus:

V;‘(‘)]:—J:C (

4(t) integrating with BC— 1=0,C, =C,, gives: C,(t)/C,,=exp[-kt/¥]

2-Compartment Model: there are now two control volumes ¥; and ¥, with a transfer rate constants: k between
them, k, out of CV2, and k, being cleared from CV1. Moles of 4 are introduced to CV1 atarate of N,. BC's:
@t=0,C,=0andC, =0 (C, isin CV2).

’ d| e, (¢
cn:4 ”Z‘(')]=N‘.h-kccd—klcd and CVZ:—L——’;:()]=AC,—F:=Q‘

Species In/Out Mechanisms:
1. Carried in/out by flowing fluids.

2. Molecular Diffusion: (like heat conduction) from high to low concentrations: J,, =~-DC %
3. Convective Mass Transfer: (like heat convection) which occurs when a reaction takes place at a surface
. dcC,
or a substance can go through the solid wall material. (N.)_ . =+ (C.—C,)= -D

4 where C,,
is the concentration at the surface, C,_ is the bulk fluid concentration, and £, is the convectwe rate const,
This type of transfer always goes from higher to lower concentrations.

Types of Species Flux: ﬁ" is the absolute flux (how A flows) and .7 is the diffusive flux (how 4 diffuses).
dC :
Fick’s Law of Diffusion: defines the diffusive flux J‘,--Dcdy‘ if C=const then J,, =—D—¢—"—. ¥, is the

mole fraction of 4 to the sum of all moles in solution.
Absolute Flux: is N,, =v,,C, in mols/m*-s where v,, is the absolute x velocity of species i and C, = N, /¥ .

Molar Average Velocity of Mixture: v, =[f: N,vu]/@: N,)=(Zc,vu)f[2c,) = [Z N,‘,]IC which is the

=
total absolute flux divided by the total concentration.
Relationship Between Absolute and Diffusive Fluxes: The diffusive flux can be written as:

Jy=Cy(vy—v,)=C,,—Cp, =N, —C,v, where (v, —v,) is the velocity of 4 relative to the molar average
velocity. From above: N, =J, +Cv, =J,, +CA(Z”~J"C=J&+Y42N“- This states that the absolute
flux is the sum of the diffusive flux and the bulk motion. In general for two species in solution:

N, =-CD4Vy,+y,(N,+N,) which becomes: N, =—D,;VC, =J, when the total concentration C is
constant and the solution is dilute wrt. 4 (y, & 0).

Various Boundary Conditions for Species Mass Transfer: 1) If the concentration is known at z=0,C, =C,,.
2) Symmetry about a center line of the CV for diffusion or no net diffusive flux at an interface,
N,=0=dC,/dz. 3) A convective flux at a surface, N, =k, (C,-C,.). 4) A known flux at an interface,

NJL_Q =N, . 5) Rapid reaction disappearance at surface for species 4, @z=10,C,, =0. 6) For a slower
reaction with first order rate constant k' then, @z=0,N, =k'C,,.

Sherwin Number, Sh: relates the convective mass transfer coefficient, k_, to other quantities. The Sherwin
Number is the unitless whole number always. For a wall: Dkl =5 ko

the reaction speed at a surface and D relates to the diffusion speed through the fluid touching the surface.
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Diffusion Limitations: for a flat surface at x=0 where a reaction, R, =-kC,, occurs at the surface, this
reaction must equal D(C,, ~C,.)/L at steady state otherwise accumulstion would occur.
/ gy C k
Setting these equal 1 Cp=—r=2t— As
cqual snd solving gives: C = TR /D) * DIZ
Effectiveness Factor, 7! the actual rate compared to the maximum possible rate. The actual rate is often
integrated over all control volumes while the max is often the flux times the entire area:

actualrate  kCy'S _Cyo _ 1
g for a wall
n max possiblerate kC‘,,, .S C‘“ 1+(kUD) (for a wall of surface area S)

Diffusive Pore: this is a cylinder protruding from a wall. There are three possible boundary conditions:

1. Long Pore Assumption (x = ®): @x=L,C,=0 .

2, Inert End Assumption, no diffusion between inout concentrations: @x =L, dC,/dx=0 (flux=0).

3. Assume End is Catalytic, so reaction occurs there: @ x = L, — DdC, /dx = kC, = 0. (Conduc. = Convect)
There are analogous BC's for heat transfer down a heat fin as well.
Interphase Mass Transfer: this involves the diffusion from fluid to solid and vice versa just like for the heat
transfer case. You must convert all the concentrations to a convenient reference concentration (denoted with an
overbar). In & fluid to solid to fluid mass transfer, the middle solid concentration, C,, would be chosen as an
example. This conversion is done by finding constants K, and K, which relate the concentrations in area 1 and
3 to the concentration in area 2 at equilibrium. Write: C,,, =K,C,, and C,; = K,C,, where K, =n’in2/m’ inl
and K, =m’in2/m’in3. If C,,, isin fluid 1, C,, is st the boundary at fluid 1, C,, is on the other side of the
boundary in the solid and so on, then you can write:
Fluid 1: N, =k, (Copu=Cyy) =k (K,Ch - KC,y)

Fluid2: N, =k,,(C3=C.s)=k.s(&C.s - KC.y)

k
—30,Cp=C, mdum—uo Cp—0.

Solid: N, =D(C,,-C,,)/L

Rearranging, cancelling concentrations, and then solving for N,: C,, —C, .

1 1 1
A e—
[ R-Iki-'_l 'D) / Ll KI*CJ ]
p ke 1
x kc.i' Rﬁ‘ Dr / L{ §

Dissolution Rate: is the transfer of mass per second through an area, S, given by: ¥, =S-N,..

This is analogous to the heat transfer with R____ =

1

Fluid Mechanics

[ Fluid: a substance which deforms continuously under the application of a shear stress of any magnitude.

Denaity: p(F)= lim 6m/ &V
Continuum Hypothesis: the smallest part of fluid has the same properties as the bulk material.
Bedy Force: any force acting on a particle proportional to §m. For gravity, 6F, =6mg = pgoV .

Stress Field: normal forces act perpendicular to surfaces while tangential forces act parallel to surfaces.
Viacosity: a measure of the resistance of a fluid to shear stress. If a fluid is contained between two plates, the

bottom one being stationary and the top moving at speed U then the shear stress is : r=a-$ where u is the
velocity and yis the up direction normal to the bottom plate. The top fluid moves at U and the bottom at 0.

Bulk Modulus: measure of resistance to compression. Defined as £, = ol

F AT i e i ™

tica

= Hydrostatics
We are only concerned with normal forces since by definition shear forces produce movement.

Pressure Force: of fluid on a surface, S, depends on pressure P and acts normal to the surface (7). The force is:
8F, =—-PidS — 6F,=—-VP(F)dV (from Gradient Theorem)

Pressure at a point acts equally in all directions.

Pressure Axioms: 1) pressure acts along 7, 2) is proportional to dS', and 3) is compressive (hence the neg.).

Equations of Hydrostatics: equating the pressure and body forces gives:

~VPdV =-pgdV — VP=pg or —f+£} Qt pg,I+pg,J+pg,k

Another proof in equilibrium: F, + F} = 0= j’pgdv—jmajpg ww =0, Vis arbitrary so - VP = pg
L 3 v

Pressure at a given depth, A, is typically: P= pgh.

Flow From a Reservoir: 1m?* =mgh — v=./2gh. A flow, 0, through an area, 4, is 0 = 4v= A\2gh.
Pressure Gange: reads the difference in pressure so the actual pressure is (£, +1atm). This 1 afm usually
cancels out in calculations since other surfaces typically have this pressure exerted on them. r
Coordinate System: always set up a coordinate system to make calculations casiest. Whenever there is a hinge
involved, always setup the origin of the coordinate system at the hinge.

Archimedes Principle: the buoyant force on an object floating in fluid is equal to the force of gravity on the
amount of fluid displaced by the object. The buoyant force acts upwards on the center of mass of the displaced
volume of fluid while the gravitational force on the object acts at the center of mass of the object.
Buoyancy/Stability: when the gravitational force is acting too far outside the buoyant force that there is no
chance of restoring to its original location thus this is an unstable moment. Other cases are stable moments.

An Accelerated Box: a non-inertial force, F, caused by an acoeleration of the reference frame is introduced:
6F, +6F, +6F, =0=-VPsV + pgéV —aém — ?4-3-&

Steps to Solving Pressure Problems:
1. Choose coordinate system.

2. List variables such as scceleration and their directions, (i.j',é] oc (7,6,4).
3. Write ZV0 4§ =& split into each of the three direction components.
P
4. Solve each component of P through integration.
5. Add up all the P components. Add all constant functions from integration together giving a constant, C.
6. Apply boundary conditions, for example @z =z;, P = P, and assume constant water volume, If the
WL
volume is constant then (LW - H),_, = ”z,dnaj;. where z; is the surface. Solving for z; givesa
N

function of the fluid’s surface when under the given movements.

Let M, L, and 7 be the fundamental dimensions mass, length, and time. Common units are thus:
v: LT velocity p:ML density g:LT acceleration 4-MT 'L viscosity

@:T"" angular frequency | P:ML'T™ pressure T,F:MLT™ thrust, force
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Common Dimensionless Nambers: Reynolds #: Re =2 = “‘"“‘ty Mach #: Ma =2 where ais speed of
4 viscosi
1
sound, Froude #: Fr=y—.andSuouhal#: &:ﬂ:M—W_
gL v  convectivechange

Pi Theorem: used to write variables as dimensionless values, Use these steps for the ex. T=f(D.p,p,m,v):
1. Choose D,v, p as independent variables, (you always want at least one A, L, and T somewhere in the
three independent variables). Note: #of variables- # of dimensions (indep. var.'s)=# pi groups
2, Place these into a matrix with the other variables and the overall variable with the powers of M, L, or T"s:
T

D v P M [)

M 0 0 1 1 0

' 1 -3 -1 0

T 0 -1 0 -1 -1 -2

3. Row reduce this until you have the matrix in the first three columns (the i variables):

D v [ M ] F

M 0 0 1 -1 2

! 0 l 0 1 1 2

T 0 1 1 0 1

4. wmmmwwummaumwmmmumm
variable corresponds to M, L, or T (where the 1 is) and then go down the dependent variable's column in
which the numbers there are the powers of the independent variables corresponding to M, L, or T, Then

write each as a pi group according to:
dep. var. u aD T
S. =——, n =—, and m, = i
Ny, = indep. vu’slopomrsgwemnl}wdep var.'scol.” pvD Jai g d e v D?

6. Once all the pi groups are written state that: 7, =;(x_.x_].

T

Eulerian Approach: use p=p(F,1), #=7(7,1), and 5(F,1)=ud +vj + wk.

Fluld Speed: denoted q=|¢|=Jn=+v’+w‘.

Steady Flow: does not depend on time, ¥ =7(F).

Unsteady Flow: does depend on time, 7 = 7(F,1).

Incompressible Flow: p,_. ., =constant. You can have two fluids together, but each density doesn’t change.
Constant Density Flow: p =same for all particles in the flow.

Streamline: a line drawn everywhere tangent to ¥ =%(F,f).

Streamtube: (steady flow) a closed curve C enclosing a surface S forms a streamtube out of the streamlines that
pass through it. All the fluid that passes through § stays confined to the shape of § since fluid can’t by definition
pass through a streamline (treat a streamtube as if it is a physical tube).

Cross Section of Streamtube: a cross section has an area of 4, whuunmmnlis:ﬁ:ﬁ.
¥
L
Stream Filament: a small stream tube with cross section 4, — 84, - a,. ¥ isconstant over a,. Let sbe the
direction down a stream filament, then the shape is denoted: 7, =r, (), the cross section is: a, =a, (s), density

is: p=p(s), and velocity is #(7)=7(s) =g (s)i,.
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Equations of Motion: since mass cannot be created nor destroyed, the volume flow rate is:
4¢,=a,9,=0 (incompressible, steady flow)
ApplyingF::m—)aF-;-l-Bf].aémi gives:
—v—:+§si (same as for non-inertial reference frame)

Note: Steady flow can have acceleration since you can move from regions of fast flow or slow flow.
Euler’s Equation: for steady, inviscid (having no viscosity), compressible flow:

q%-ﬁ- g% + -I-%E =0 where g, = q% is the convective acceleration

You cannot integrate this unless p = const or you know the o function,
Bernoulli’s Law: assuming p =const and integrating the above for steady, inviscid flow:

—tph+—

= gh 39
Where E, is Bernoulli’s constant which stays the same at all parts of a flow, thus can be used to solve for
verious varisbles by compering flow at two different locations.
Mmuhnhhnemn?ﬂlmt:%:F‘=mﬂmoﬁﬂmmn§smhmﬁmhm

=const=E,

of mass flux, rit, = pa,q = const since mass cannot be create/destroyed. Thus: %=F’,=ﬁ|‘,(i,—i}).
Moving Reference Frame: assume a nozzle shoots water at # = g;{ , towards a vane that moves at %, =u,i . The
velocity in the moving reference frame would then be: W, =¥ —#, = (g, ~1,)i .
General Form of Conservation of Mass: assuming two locations in a flow, each with 4, L ¥, and 7, L 55,.
From the continuity equation for incompressible flow, a,g, = a,q, = 0 we get:
7, RS, +7,-dS, =0 [7-4dS + [¥.AdS =0
5 5
Integral Continuity [7-3dS=0 Differential Continuity V-7=0 (incompressible)
£
Volume Flux Through a Surface: is the amount of fluid flowing through a surface:
., dV, N
Q=ﬂj-fv-n¢? (steady or unsteady)
5
Mass Flux Through a Surface: in this case the density doesn’t have to be constant:
- dM. 5
= — .
M =lim = =sjpv AdS
General Form of Conservation of Mass (cont’d): the rate of increase of mass within a volume,
the negative of the mass flux out of the surface (since the integrals give the mass flux outwards):
[42.49.(p7)av =0
4 dt
Blﬂsinﬁ:lhevolmeisaxbi&uywemwﬁletbewaﬁmofu

E;p-i-? (p7)=0 or ——+va 0 (unsteady, compressible)

V., must equal

Tohlneﬂndtcw q- z-t-v%nvz the first term is the local change, the others are convect. change,

© 2007 Review-Mate e




Review-Mate AER205

Linearization Technigue: used to convert complicated equations into a simpler form. This is done by changing
all the variables to: F = F+ f where f issome function such that f << F . Place these new variables into each
formula and expand out all terms. Cancel any terms that have multiples of the small functions since a square of a
small number is an even smaller number, thus negligible.

One Dimensional Unsteady Flow: %’4— i(‘::'u) =0 (continuity eq’n), %+ u%+ﬁ% =0 (momentum eq'n).
¥ I
‘Wave Equation: fo 11 aa:’ where ¢ is the speed of sound, ¢* = ‘%

Ideal Gas Law: P= pRT which leads to: c=+RT . For adiabatic (no heat leaving), P/ p” = const,c =yRT .

Bulk Modulus: E = p—:{; - c= % which is the speed in an incompressible fluid.

Compressible Conservation of Mass: for steady, inviscid, and adiabatic. Differentiate, 0,019, — p;0,9, =0:
1 dp ldo 1dg
pds ads EE &
Internal Energy: defined as: e =(internal energy)/(unit mass).
Compressible Bernoulli Equation: for steady, inviscid, and adiabatic flow is:
f~+e+iq' + gz =const — b+lq’ +gz=const where h =£+e
P 2 2 P

This does not work for viscous flow or unsteady flow.
Compressible Energy Equation: for steady, inviscid, and adiabatic flow.. Differentiate the above and put into
Euler’s Equation:

de P dp =0 or 1 dP yggu

ds p’ ds Pds pds

Where the 2™ eq'n is found using: e=C,T, h=C,T, y = %"-, . n'%,and P=pRT, Integrating the above:
o (4 .

P=cp’, P=c, T, and p= 7'
Stagnation: the point at which there is no velocity, The variables here are denoted p,, £, and T,. To convert
between stagnation and normal values use:

: hr-1) rilr-1)
5=|+(f-‘—l]M’, L3 1+(?’—‘1]M= Dl 14»(2'-"-’-];4*
T 2 P 2 P 2
Note: when M > 0.3, compressibility must be taken into account.
Compressible 1-D Channel Flow: using continuity, momentum, and energy equations you get:
—;--i% = -{l -M? )-—-fﬁ (compressible) or didd = ;ﬁ (incompressible)

If M<l, %10 50 increasing area decreases speed. If M >1, %)0 s0 increasing area increases speed.
2-D Incompressible Flow: ¥ =u(x, 1) +v(x,y,t)] and §=g,i+g,J so:

Review-Mate AER205

‘if’w (p¥)=0 = %-ﬁ-%:ﬂ (Continuity Equation)
—¥+§=a 5.2 [%H%]_ﬁ[mko (Helmboltz Theorem)
© 2007 Review-Mate afs

Vorticity: Vx¥. If Vx7 =0 the flow is called irrotational since each fluid element keeps its orientation.
Vector Potential: Vx#=0 — ¥=V¢ where ¢ is called the vector potential.

Laplace’s Equation: Vg =0.

The Stream Function: for 2-D incompressible, inviscid flow. The stream fl.mciiun is denoted w and given by:
u v ay _‘g‘ ...Jff.
—+—=0 3 u=— and v=- since --———0
ox & & oxgy axdy

A line where y is constant plots out a streamline for the ﬂow, therefore:

Ay dy dy v
dy =0=——dx =—vdx —=—
"3 ~ + % dy +udy —+ sk

If you choose a potential function as V¢ =¥ where — d’ — =y and d: =v then ¢ and  are always perpendicular.
Bernoulli Theorem for 2-D Steady Flow: irmtntlona! steady, inviscid, incompressible:
%4- ] q*-g,x—g,y=const

No-slip Hypothesis: fluid adjacent to a solid surface does not move with mpoct to that surface.
Parallel Shear Flows: steady, incompressible, and viscid. As shear stress acts on a fluid element, it will shift
from a square element to a parallelogram element by an angle &. The shear stress is then given by:
dé du
ey lon S E=p %
The direction of the shear gtress is always denoted to the right of the normal direction on the top and bottom.
Sob‘ing Shear Stress Problems: follow these steps:
Draw the fluid particle.
2. Draw shear and pressure forces onto the particle. F =74 or F =PA where the area’s normel is either
parallel to the pressure foree or petpendicular to shear force.
3. Rearrange and cancel §x,8y,5z terms by dividing through or multiply on the top and bottom and then

letting (B —B,)/8x =8P/ @x, etc.
4, Subin r=p% and integrate.
5. Apply BC's such as no-slip, @ = [¥-#dS , etc.
£

Linear Momentum Balance: rate of accum, of mv =rate of m¥ in - rate of m¥ out. In/Out mechanisms:
1. Mass infout: mv 2. Forces on surface or body: mv/time

By balancing all the surface forces and body forces to d[ pAxAyAzv, |/ dt (this is for the x-direction). Dividing
both sides by AxAyAz, taking the limit as these approach zero, and assuming the fluid is incompressible gives:
Navier-Stokes Equation: assuming p = const , only gravitational forces, and Newtonian stress/strain:

W g e =

= VP

P D HYY +pPg
r,gen. i visc.dissipation
.- time volume - time

DT _ .=
—=kVT+4+D
e q+

Energy Equation: if g = then similar to the Navier-Stokes equation:

Species Continuity: if R, = volumetric productionrate then again similar to above: D—;ﬂ- =DV'C,+R,.
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Rearranging each of the sbove formulas with: p-%. a-pcimd ¢, ~¢, for solids and liquids:

r

Do 225, PLoger,[ix0] 2C o
B vvy+[ P+g]' Dt-der*l:pc,]' D’uDVC“F[R‘]
These forms are used to apply boundary conditions to.
General Relationships: at steady state all d/dr=0.

For Temperatures:

» For temperature questions with no velocity: v,,v,,v, =0.

« [f there is only a temperature gradient in the x-dir then: d/dy,d/dz=0.

» If no generation or viscous dissipation then: ¢,®=0.

For Flow in Pipes:

o Fully developed flow means: d/dz=0.

« Expect v, as a function of r.

Review-Mate AER205

Transient Flow/Conduction/Diffusion in a Semi-Infinite M&

For the case where fluid next to a surface has, v=v;, T'=7;,and C, =C,; and v_,,T_,C,, in the bulk fluid in
which the surface moves up (3-direction ) in the velocity case, or has a certain temp. or cong. for heat/mass
transfers cases respectively. At various times ¢, the effects in the fluid are felt farther from the surface (in x-dir).
Dimensionalize Variables: the following are common variables used to dimensionalize equations:
V-V, T-T; C,—Can
¢ 9. 8= L] 4
;=% T,-T, Cu—Cho
Similarity Solutions: a method for converting PDE's to ODE’s so that you can solve them. Use the variables:
X X X
= ¥ = |0|'
K L b A 7
You must write all variables in terms of ¢,6,0r and then use the chain rule, for example:
9_‘_=:§£ﬂ’ . [_l -.m] ___'_ =_“!_-_ "o _Ind'
T i T P
Now only two conditions are needed to solve the 2™ order ODE. You can use initial conditions or BC’s. Also, if
welet: f=¢" then df /dn=-2qf which leadsto: f =, exp(~n’)=dg/dn . From this we solve for ¢ as:
L)
#=c, [exp(-b7)db+C, (b isjust a dummy varisble)
L]
Error Function: is used to evaluate the above integral. The error function is defined as:
2
x)= e du where 0)=0 and w)=1
()= | erf (0)=0 and e ()

JOor Y=

Thus we can write: p=c.J—f~af(q)+c, to which you can apply the conditions discussed above. Also:

¢.0,w=1—erf(n)=erfc(y) (complimentary error function where 7 =7,,7,,0r7,)
Depth of Penetration: defined as value of x at the time t where ¢,6,i =0.01. Itis given by:
=4, &, =4Jat ,and 5, =4JDr

The higher the viscosity, the faster lincar momentum is transferred to a fluid when in contact with a moving

surface, thus causes a high disturbance. Think of honey and water, honey is more viscous and is more disturbed.
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Boundary Layer Thennr

T‘lutlﬂcknmofabomdarylayu‘ofﬂtﬂdulmmbmwhit.orutheﬂuidmowamﬁomry
surface is denoted &(x). The shape of this profile, which also hes analogous profiles for stationary heat (4, (x))
or concentration (&, (x)) surface boundary layers is shown below for the case where the surface moves to the left
or the fluid flows 1o the right. The boundary layer thickness is the y value at any x where, ¢,8,y =0.99.

How To Solve Flow Problem For & 47 V=099,
Starting with the Navier-Stokes equation, split
it into various component equations for lincar
momentum and cancel terms that are not
necessary. We reason that v, >> v, because Velocity Profiles
@x>> dy (or L >> &), therefore drop the y =
linear momentum eq’n that you get from the
Bemoulli equation outside the boundary gives,
Q-—lp(zv,f":]ﬂ which can be subbed

& 2 ax
a'v
into the x linear momentutn eq'n along with E—{-=0 since the velocity gradient iri‘the x direction is small. The

av
x-LM equation becomes: [v, %+ W E‘L] = v[%] Similar analogous solutions can be found for T or C,.
Applying boundary conditions you get the result:
y .
n= » (%/v,) is the contact time !
:;4v(x!v_) ) $0.y
Another important relationship is:

ﬂ’_ = ﬁ = i =0664
[do]... [d'rrl,.. (dnc].,..

which is the initial slope on the diagram to the

right:

This shows at ¢,6, =0.99 (where the
boundary layer is) that n =2.5. Letting the
beight be y =&, the boundary layer thickness is:

'] A 55
0-25-7“’(:7.)—}6—71!7‘

Where Re,:l'i is called the Local Reynolds Number. This relates to two other dimensionless numbers:
v

6_ o l|.|'1 p y
Prandti Namber, Pr: -=—=Pr (a] T myn

Ld n

5 1} 1
scamumher.s.e.-—-=3e"’=(—] ) T = e SC
e D : :;40(.1:!9_)

These two numbers relate how fast momentum diffuses compared to mass diffusion and heat respectively.
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since v, is small. Evaluating at

s av,
Friction Coeflicient: the shear stress is given by: rp-p[at-p-a_:.] a’

- av, d¢ 1 r gl .
=0 R e = u| —= -t e k
y=0gives: 7, =(r,.) ﬂ'[a']ﬂ p'-‘—:[d”]a’ =, (0.664)7—“(;“-] which gives the frict. coeff:

vl
C,=—2:>C, -o.su[ﬁ) -, =%

$pv.
For an object of length L: c,‘={c,,(x)¢z=%uz(c,,)
L]

Nusselt Number, Nu: simplifies a similar situation to the linear momentum case for heat as:

Nu, =%=o.332{ke,)"’ where k, =0332k[:—;]m and Nu, =-J'E:p\.fn,(x)ds:=o.et!i4(!!nl i
Sherwood Number, Sh: simplifies a similar situation to the linear momentum case for diffusion as:

Sh, -%‘--o.:az(n;, ) where k, = 0.332D[§:-]mmd Sh, =%:-S‘h,(x)c&=0.664(ae,_)m

c 2
Shear Force: F=—&&xwltﬂhx.{. since Force = Stress x Area.

T

Stanton Number, St: used to relate some of the dimensionless numbers, -
C
Equating velocity and heat: —"—-S;Pr‘“ whiare ! Sfm flfpcu i

q

Equating velocity and mass transfer: —L-StPr”’ = 8t,, 8¢ where St,, --;t

Thus.evenlfyouuntdeumnzth:wlmmhm,ormmfu you can relate the 3 with these equations.
Other Relationships: using all the information from above to write the shear stress as:

s (o [%],.."‘ [#][“] %)

an 1 ¥ ke
Simplifying some of the derivatives as: --l-=(v -v)=v, nd—=7— then equating the two gives:
qv(x/v,)

dn ).
A similar approach for temperatures gives:
[_91] .ﬂ:l"(”"-)
W)y ETC
And lastly for mass transfer:
[_d;__] ﬁ_:!‘v(xh
d'k s Scll'l

Good Luck on all your exams. Wemshyouthevuybminauyomhmdmial
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