
dB . . . .
GeDeral BaJu«: same for all transfers: T = B,. - B_ + B.... - B.. or the rate ofchange ofB in the control

volume (CV) is equal to amount ofB input/output to/from the CV plus/minus any B generatedldesuoyed inside.
Control Volume: the volwne which you consider as the system. You must always define this or you get zero.

Mus Baluce: since mass cannot be created/destroyed we have: d:cv = m", - '"_

Stelldy State: does not change or vary with time. In this case d I dJ = O. Ex. For steady state flow through a pipe
ofarea ~ to area ~ the velocity changes, v1 < VI for ~ > A.. Assuming density, P to be constant then:

0=P\''1A.-PV1A:z -+ v1="....VA:t·
CoatUntity Equation: derived in class using a volume of tJxt..ytu with inIout flux in each direction as for ex. ,

(pv~)tt.yAt-(pv~).6.yAt. Taking the limit ofeach of these and rearranging gave the continuity equation:

ap a(pv) a(pv) a(pv) ap _
-+--'-+--'-+--' =0 or simply -+V'(pY)=Oat & Oy", ' at

a(v.) a(v,) a(v.) __
For incompressible fluid, p doesn't vary in space or time: --+--+--=V·v =0

& Oy co
For steady state, p CllI] still vary in space: a(pv,) +a(pv,) +'(pv,L V.("v). 0

& Oy "'
EoerJy: the sum ofkinetic, gravitational, and internal energy respectively is: E= m(v2 /2+ gh+ii).

Encqy Ba1aD.ce: since energy cannot be creatodIdestroyed we have: ~ "" E - E
dl ", -

ED.erv ID/O.t MedlaaiIms:
I. Wnrk.: either by prossureIvolume (Pdl'), shaft work, or electrical work.
2. Heat; Conductive beating is when particles collide with each other and transfer heat Convective heating

is between a solid/fluid interface. RC5istive beating is heating within a solid.
3. Mass Transferring InIOut: can bring energy in with it: ,;,.,. (v1 /2+ gh+ii).

4. Conversion ofordered forms ofenergy into internal energy.
Fourier's Law orBeII. Co.d.dioa: caused by the collision ofparticles. 'The beat Owt, q. is defined by:

q. = -k '1 (r--direction) or q= -kVT (in general)

Where kis the thermal c:oadllCtivity coutaat and Tis the temperature. The units ofq are J l(m1 .s). To get

the total beat flwt for a given area, Q, you must multiply q by the area, A. Notice the beat flux points down the
temp. gradient, thus a docrcase in teJ:nperatuIe represents a positive heat flwt.
Geaenl Method orSotriq BaI:uc:e QIMstiou: for ex., a heat transfer throuab a slab ofwidth L and area A:

• Define CV as a thin cut out slab, r -+ r +Ax from the larger slab, still with cross sectional area. A..
• Write out the balanccequation, assuming steady state here: O=(q.!. A-(q.).... A.

• Divide by differential value, tJx and take limit, which is the derivative: lim (4:)UM -(q:). - dq:'_ O•
41:-+0 tJx dr

• Integrate this to get q~ ... <; and set equal to the co~odin& law: r/: ... c, "" -kdT I dr.

• Rearrange and integrate both sides to get: IdT "" I-(cll k)dr -+ T =-(c,r/l)+c1
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• Apply Boa.adary CoaditioDl to solve fortbe constants. Here, @x=O,T::zTo and @x=L,T=T
L

•

• Write out the relationship with the constants in p1lcc: T(x)-r, =!.. This is the relationship required.
T,.-To ·L

• Aside: Rearranging for T(x) and plugging into Fourier's Law gives: i'= k(To -TL)I L.
Newtoa'. Law ofCooliDg: descn'bes the effects ofconvection. The heat flux in this case is: q:=1I(To -T.)
This is the heat flux from the surface at To to the bulk fluid next to it at T•• In gc:Dera1 it is in the direction from

the first temp to the second temp written. his the convective beat tnDIfer nemcieat. The sign of (To -T.)
determines ifheating or cooling takes place. Ex. Two slabs in contact with each other with fluid at T. touching

the ~ slab and T_ fluid touchiDg the 1; slab. Fir3twriteouteachbeatflux:

,,_k,(T,-T,)A ,,_I.;(T,-T,)A ~_ _ #_
q, 1, ,q, L, ,q. -h,,(T. T,)A, q. -,,-(T,-T.)A

At steady state: 1=t -qi= t =l.. R.earnmgina all for their(7; -~)tenns and adding to cancel temps. gives:

aT. ::T. -T = [_1_+_1_+_1_+_1_]
.... • • q h.A Ak,I1, AI.; I L, h.A

This caD be reananged forq. This is similar to Ohm's Law with T- V. q - I. and R = _1_. ~ =_1_.
- 4... '-.... ",k,I1,

'I'hcge resistances caD even be 8ddc:d in p8r'a1JeJ when slabs are Ilelrt to C8Ch other,just like pcallel resistors.
Re:listive Reatial: denoted & in units J I",' .s, thus you must multiply by the volume before you place this
term on the right side of the mcrgy balance equation. Ex. For a cyliDdrical problem. fonow the steps as above
and 9Ct q equal to Fourier's Law at the curved surface ofthe cylinder. Using the boundary coDditions.

@,=R,T=T. and @,=O,oons,=O (otherwise q would go to infinity). :.T(,)=~t [1-(i)']+T•.

Total Hea. Lots: from the cylinder example above it is: Q=(q ) (A) = SeR ·2JtRL = SuR2L. This can also
r It It 2 .-/

be foUDd iftbe CV is the entire cyliDder: 0= SeY-Q....,.. = &/fR2L-Q....,...

Predicdal Dlffereatlal Dlreedoa: if you arc given many variables in which your CV could be differential with
respect to such as: T(r,fJ,z,t) you have to chose one to focus your problem around. Ifstcrdy state. time is

imlevant. For thing! such as a cylinder, the angle is irrelevant since at each angle around it should be the same.
So you.e left witb.% mel r, wbicb you have to determine which has a biggereffcct in the problem. You do this

bpdoting them to their derivalives, aTI liz «aTliJr,.mar. • »' for acyliodcr, thus you would chose T(,j.
Spedet Mag Baluce: the tIaDSfcr ofparticles d.iffusina: through a fluid. The main unit is N

A
which is the

moles ofspccies.4. Also, the mass of.4, inA can be used. The balanced equation is:
!!!!..L _ . . . .

dt -NA.• -N.._+NA".-NA.-

, The generations and destruction can occur through chemical reactions io this case.
l~ompartma. Model.: consider a control volume V. that bas an injcw::tkm at t =0. The coaceatntioa is given
by NA - YCA • A rate constant k is used to rqre!JCDthow fastA is cleared or destroyed from the volume. Thus:

::[VC,(')L__~.(t)
dl M.... integrating with BC~ t ::O,CA=CAO gives: CAt)/cAo =exp[-AtIV]

2-Compartmnt Model: there are now two control volwnes v.. and P; with a transfer rate constants: ~ between

them., Gout ofCV2, and ke being cleared from CVI. Moles ofA are introduced to CVI at aRie of NA • BC's:

@'=O,C,=Oand£. =0 (£. is inCV2).

CVld[v,c,(t)L iV -kC _.C and CV2: d(v,£.(t)L.c._.c.
. dt - A" e A "l A dt "l .. "'2_.-

Species IDIOut MecbanislllS:
1. Canied inIout by flowing fluids.

2. Molecular Dit'fw:loa: (like heat conduction) from high to low concentrations: J AI :: -DC~

3. Co.vecdve Mus TlUllfer: (like heat convection) which occurs when a reaction takes place at a surface

or a substaoc:e caD go through the solid wall material. (Nh)...,.. ., +ke (CM-C.... ) = -D~ where C...

is the concentration at the surface, C..... is the bulk fluid concentration, and ke is the convective rate const.
This type of traDsfer always goes from bigber to loW'Cl' CODoeotrations.

Typa ofSpecia F1u: itA is the absolute flux (how A flows) and jA is the d.iffusive flux (how A diffuses).

Fitk'i Law of DiIfuJioa: defines the diffusive flux J,u ::-oc~ if C=comt then J.u =-D~ . YA is the

mole fraction ofA to the sum ofall moles in solution.
AbIoIute Ji1u: is N,~ _ V,~C, in mob / m1

'$ where v,~ is the absolute x velocity ofspecies I and C, = N,I V .

Molar Average Vdodty orMhtu..: v. =(tN,v" HtN,)-(Ie,v"HIe,)=(IN,.. }C whieh is the

total absolute flux divided by the total concentration.
Reladoaship Bdweea. AbseNte ud Diffuive Flues: The diffusive flux can be written as:
J A- CAv.... -v~) - CAVh -CAV~ = Nh -CAv" where (vh -1'z) is the velocity ofA relative to the molar average

velocity. Fromabove: Nh =J.... +CA,vz =JAI +CA( LN.}C :::::JA> +YALN... This states that the absolute

flux is the sum oftbe diffusive flux and the bulk motion. In geoeral for two species in solution:
NA=-CDA/JVYA+ yANA+N.) which becomes: NA::-DaVCA~JA when the total concentration C is

constant and the solution is dilute wrt. A (YA -+ 0).

Varioua Bouadary CODdidoas for Specia Mus Traaafer: 1) If the concentration is known at %=O,CA = GAO'

2) Symmetry about a center line oftbe CV for diffusion or no net diffusive flux at an interface,
NA-0:::: dCAIdz. 3) A CODvective flux at a swface, NA= ke(e... -C... ). 4) A known flux at an intcrfBce,

N"I...o = N.tO. 5) Rapid reaction disappeannce at surface for species A. @%::O,C.u-O. 6) For a slower

reaction with first order rate constant k' then. @%::O,NA ::l k'CA>'

Sherwin Number, Sh: relates the convective mass transfer coefficient, kc ' to other quantities. The SheNln .'

Number is the unitlcss whole number always. For a wall: ;;L ' for a sphere radius R: D~R ;; 1. ke .relates to
the reaction at a surface and D relates to the diffusion throu the fluid touchin the surface.
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Let AI. aDd T be tbe ruu-1aJ. .u. f , • I IIId time. Common units _ thus;

v:LrJ Ydociry p:~ dalsiry II:L~~ I p:Mr't:' viscosicy I
_:r' ~freqllCftC)' P:MI:'r Pf=lI"' T,F:MLr thnm, fnT

We _ oaI)' ooneemed with IlOC!nII (_~ b)' definitioD ... (orca poduce movemctIL
P"-lln Fora: o( Ollicl oa • MfIc:c, So dcpcads 011 pta:Il.Il'CI P aDd leU IIOI!nIlIo tbe tudacc ("}. The (orQC is:

of, _-NIIIS ~ 6F, .-VP(F}dY (liom Gtadialt T'bcor=.)

Frasure at • point actI equall)' ill all ditcetiODS.
Pl'ftIIIR ADcMu: I}pressunl adS alona .. ,2) is proportional to cIS, and 3) is colII~ive (bcnco the neg.).
Equatlou o( Hydrostatla: equating the praallnl and bod)' (OfWS aives:

"1 6P. op· . . .-VPdV __pgdV -+ VP.pg or - +-j+T,t·PB,I+pg,}+PB,,t
61l 6y "z

Anotbcrproo(lnequllibrium:F.+F, ·0- Jpg.w- JPAdS- Jpg-VPdV.O, Viurbitraryso -+ VP_pg
• • •

PJasurc: at. givc:o deptb. h, is I)'pically: P_ pglt.

n- rro.a a-n.ir: t-' -tngh ~ v.. .J2ih. A Dow, Q, throu&b III aru,A. is Q=Av_ A.J2ih.
rr-ve GaIlp1 fads lbcd.itfercDoe In pres:slftaD tbe acDIaI pressun= is (P_ +1_)' This I .. usually

C*IlCds (lllI ill calculatiOllllllillOc 0Ibct IUrfaca typicaUy~ Ibis pres:slft CUl1I:d oa tbcm.
c..-...8J*a: always let up a~ SJ*ID to tllIke calculaDoa.t~ WbcDcva" tberc is • biDgc
illvol...w, alwtys letup the oriP o(tbe oootd.illaIe"1*m" tbe biQae.
~ PrtiIclpk: tbc buoyaal: foJee w aa object fbtiD& iD. ftuid is cquallO tbc IOO:e o(lP"-vil)' 00 the
&IlIOIIII1 ofOuld d1splIoed by tbe object. "fb(l buoymt (ome KtlJ upwwcb 011 the caJIet IIfmass of the displaced
vollllnO ofOuld whiio tbe grayitaDonaI fofec OD tbc object KtlJ a11bc caIlel" o(mus o(lbc object.
BUO)'Ul:)'fStabllhy: wbcn the iJlI.vitatiorW fcm:e is acting too far outside the buoyanl fotl:e Ilw lIlcrc llIno
chance o(restorloa 10 ita origlDallocatlonlllUJ this is an tIlIJtable moment. Otbcr caselI are stable mommu.
All Aca:lanted BoJ.: a DOlI-iDcrtiaI ror.c, F. cauxd by an a.codCllliOll oflhe ",(_foe frame is introduced:

6F~+6F.+6F.-O--VPoW+pioW-Q41fl ~ -:P +i-a

Stepa taSoMaoc rr-.re .........:
1. <:::bolDo c:oordiIIIIIe IysIcm.

2. Lbt l'IIiabb such ..aoceI~and their liiredioId. (i,j,,t) or (r,.9,~).

3. Write:::!!..+ i _i split iDto c.:b of the Ihrec cIinlctioD compoaenlS.
p

... Solve eKb compolICDI ofP throu&b imetPwtiOll.
5. Add IIfI alllbc P cortIpClMIllS. Add all COIlSlanI fi.lnclions from integradon lOjelhet aivina • 00lISW\t, C.
6. Appl)' boUDdary conditions, (orcumplc@z-r" P _P_ and assume~t walctvoluma. lflhc.,

volume is constant then (L.W 'H)_ _ Jjz,dxdy, where z, is !he surface. Solvina (or z! gives a..
fuDctiOIl oflhc fluid.'s surr.oc when UDd.cr~ GOvea movements.

D6II__~

D."....Ua1I*do..: fora lk! surf_et z.O wbere.~RA .. le.. 00CIn1t1he aarface-this

teIdion llWst equal D(C. -C.... )/L I1ItC1dy mte otberwbe KCUmuluioa -ud OCC\II'.

Settin&tbc::sccqual_hoh'inggives: e.. ·1+(~/Dr M D~L ..... 0. c ... ..... e... mel I;lI D~L -+~, e .. -+0.

Errecttv_ Factor, 11: lhe~ rate compved to the maximlllll possible rate. The.ctual rate is often
integrated over.1I control volumes while the max is often the flux times the enliro lIlU:

IdUIIrllte .teAl'S C I
tI· .. ...=..d2. .. ( ) (forawallofs\lf'&eeareaS)

maxposslblcrtlte kC... ·$ CAl. 1+ UfD
DIf'fIWve Pore: this it, c)'liDder protrUdiD,a &om II wall. 'I'bfft are three po5Siblc bouoduy conditions:

1. LoqPorllAlsumption(z-+«l):@z_L,CA_O .

2. Inert Elld AIsunIption, DOdif'fus!on '*-mtoutCOllOlilllntion @z-L,dCA'Q-O (flux -0).

). AssuIM Elld it c.c.Iytic, .c) I'IIKtiocl. (l(llMI: tberr:: @% .. L, - DdCA Itbt -ItCA .. O. (Coad!x. - CoaWlCt.)
1'lIae I«~ Be', for bee tn:IlSfer~ I belt fin • well
laterpbR MuI nu:.&r.1hiJ iavolves tile difIUsioo &om ftIIid 1lo.,1id _ vice _j..stlib: fortbc heat
nmm case.. You Illust ClOIlVClt all tbc _lllions 110 II oonYellieat id=Dc:e_m;m(deDocl:d with an
0 ). In. Duid to solid 10 ftuid _ ~.Ihe middle: tolidcuea:eutlllioa, Cd'> would beebosen IS an

example. ThisCOII~ it doc:le b)' fkldinc ooostaab X. md K, wtricb tdaII: tile OOilfOUItImoas ill -.. 1 lad

3 to Ihe concenll'alion 111_2 aI equilibrium. Write: CA,I II K,E... &Dd C... - K,E... where X, _m' 1"2/",' i,,1

lUId X,. ".'1"21,,,'/,,3. If C.... is ill fluid 1, c.~ Jut the bolllldary It fluid I, CA" is on the olherside of the
boundary in Ihe solid Mel 10 on, then you~ write:

Fluid I: N~ • .l:.)(C.... -C.)) .. ,t.J(KIC -K,CAJ) Solid: NA".D(C.J-C... )IL

Fluid 2: NA" .,t.,,(C..., -C.... ). ,t.... (K,C -Ki;.... )

Re.lnmPt&cancel1iq~lIldthenmmna(or N... : C.... -C._ .N..[-'-+-'-+_'_].
K,A:.J D,lL, K,A...

Thisislllalosoastotbe_~willl R.--.,- K~ and~. D,~L,·
~ Rate: is the InIIlsfef of_ pa-1OCODd through aa-. S. liven by: w. _S· N....

JJUd Mrh..ig
fluid: a subslance whIch defmms COIItinuoUJI)' Ullder the tpplleatlon ofa shear $II'IlSlI o( In)' magnltude.
IkNlty: per). JJ~611t1oW
Coadn.. Hypotll.b: tbe smallest pmt o(fiuid Iw tbe SIll:lC: P'OJlt:ftiell all !be 1N1k material.
IMdy Fora: an)' foJee aetiagOlla pmiclc PfOPOniorlal to 0".. Foqpavity, of. _0"". pgoW .
S~ FWII: DOIIIlII (orees ...~ to surfBce:J while IaIlpaliaI (otO::S act~I to sur&ccs.
~ a _ o(tIle resistanceofa fluid tosbccslrcss. Ifa OuidiseoMained bctWlIIlIl tVoQ plIb, tbe

boaom _ bc:iDe: staDcm.y aad !be !lip !DOviII_ speed U tballb&....m- is : t _.,: wbcR II is the

vdotit)' aadTis tbe updim:tioD IllXIIla1 to tbe boaoaI plate. The top fluid moves at Uand!be bottom at O.

IhAIiIfDlhI8r. __ or~toOlXll):ft:DioD.Dcm.t ..E. -itfy-i!:fp. Lqe E.- iDcomp.
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Pb QIenia y.Co__ Dlm"'-'oak.NUIIMn: ~ds': Re ____.__._. Mllch': MfI __ wberetluspeedof
Jl Y1l1C01Slty Q

..I .t kaldllnaeJOWlli. FnltiIX': Fr __•and StrouhaI,: $I---
,t v conYeCti""dlansc

PI n,",~: used to write variable! 1/1 dimetlsionJes,s Yllille!. Ute tbese stqlS for !be ex. T - f(D.p.Jl••••);
I. Choose D••,P ., lno:IepeMc:at Yariables, (you a1W1lYS WVlt It leut Ql'Ie M, L, and T somewhere In the

three independent variables). Note: /I of variables·llofdimeIlsiol\3(indep. VIr.'s)-1I pi groups,. Place these into & matrix with tho other variables and tho overall variable with tho wen of M. L or rs:
D , P P • T

M 0 0 I 1 0 I
L 1 1 .) ·1 0 1
T 0 ·1 0 -I -I .'

3 Row redulle Ibis UDtiI bYe d:Ie idc:ati lDlII:rix illlbe firs! three ClOl_ !be' \'Wlables:
D , P P • T

M 1 0 0 1 ·1 ,
L 0 I 0 1 1 ,
T 0 0 I 1 0 I

4. Write 0Ul the depeodcat wriables ill tam5 oftbe indepllDJall YNiables by lookiaa: III which iudt.'h*"nt
variable c:ortespOlMb 10 M.L. or T(wbere tbe I is) aad tb= SO doWII. the depeadem Yariable's columtl in
which the IlllDlbcn there m: !be powen of!be iudepmdeut variable!~ 10 M, L. or T. Tben
write e.dl as & pi aroup 8C«ll'diDg to:

5. ,,_ dop.\'V. Jl I»D T
"',-. indep.var'3 topowersgiYCll in lhedep. VIr,'I(:O\' • ",.'" pvD' ". ---;-.and"r - pvlD"

6. ODoeail tho pi sroups Ill'Cwritten JWe Ibat: Ifr -/(11'.,11',.)......
EUatu. ApJll"llMil:.., p-p(i,.), ; _v(i,t), md i"(i,t) _Mi+tj+wi.

FiaW Speed: dalotcd ,_I~_Jill +.,' +v .

SIeaoIty JIor. doe, not depend QCl time. i" -i"(i').

UutMdy Flew: does depend 011 time. ; _ v(i.I).
~".aIb"Ilkw:p_ -a:msunt. YO\I can ba-.e two fluids lOgeIber, buteaeb density doesn't dIaJI&e.
CODItailt IklUlty Flow: p _amc for ~l particles in the Dow.

Stnaml1De: a line drawn everywhere taDsmt to ii _ v(i,I).
Stru.mtabe: (steady flow) & closed CII1\'e C encloaina & sun- S forms a streamtube out of the slJeamlllles that
pass through iL All the fluid that pIISICS tIvouahSstayscoo.fined IOtbe JhapcofSsince fluid can't by definition
plY througb & slJuIIl1iDe (inial a stlalmIube ., ifit is a pbYJiCliIubc). ,
C~ Sectfo. of Srra..t.1Ic: a _1DCli0ll bIIlI aD ala of A.,. wbox DOtllllI1 is: Ii _~.

Srrna FI1uHat: a small sueam tube with _ section A., .... 6A, .... tI,. ;; IsCOl'l.UllltOYCr tI,. Letzbetbe

directiOIl do_a me.n filanlent, Ibm the sllape is derxJRd:i,. _r,.(z). tbe_teo:tioa is: tI, _tl,(I) ,dcmity

is: p_ p(z) ,&rid -.elocity is ;;(i)-;;(I)-'(z)i,.

)

)

AER205

EqudMu ,fModoa: since mass C&IlDOI be crated llOl'destroyed, tbl= Y01urDe flow r&le is:
art, -lZRI -Q (UlOOIIlpcessibk, Ite&dy flow)

AppJyma F _ lIlIlI -+ aF; +aF,. - 6mii lives:

-'!!..+ i -Q (SllD'IC" for non-inem~ ref_l'nme)
p

Note: Steady !low can bave acoeleratioa since )'0\1 c.n move: from regions offast flow or slow Dow.
Euler'. Equtloa: for steady, mvDcid (having IlO vbcosity), COlDIftS'ible flow:

':+g:+;':: _0 where Q. _': j! the convecti-.e acceleration

YOII C&llIlC:M iIltepte this LDl1ess p _ coMt or you know tbe p fimetion.
"--uW'. La,,: lIISWllina p __, and intqp'atina the aboY!: for stea:ly, lnvi9cid flow:

P-J,II ~-+p+-' _COftt._ ....
P ,

Whe!e E, it 8enft1l's -eot wtDcb SlayS the _Ill ~I petsofa flow. thus ClIIl be IBfId kl JOJve for
vwioIB nriabIes by COIll.-n. Bow. two ditfemlllol:lciom.

M_aohla Batuet Oil & FIIIo_t: ~ .. f, - re:sWtant ofail extcmI1lOn:es. This ClIIl be re-wrium in terms

of .... nU, ,;" - ptJ/l- awtslnce mass C&IlDOI be aelteldestroyed.. Thus: ~ - Fs -'",(;' -~).

Moriq RefereDoe FnlIlr. _ a oozzIc Iboots waIet at v, _q,i •\oWIlfds & nne that moves at i"o _ II). The

velocity in \be moving refereDce hme W'Ould tbeD be: w," ~ -v. -(" -110)1.

.. Galena! Fo~ orCO_I'Yatioll of~: asswnin& two Ioeations In a Dow, each with a, .1 Y, and n, .L 6S, .

From \be COlllinuity equIltion for illCOlllpl'el:Sible flow, ~" -IJIlJ - Q we pc:

v, ·"dSi +v•. 1i,4S'. - 0 .... f;·/idS'+ I.·ridS-0, ,
btep1ll.C...UCy [v.idS_a Dlffan.tIaICHtiMltty 9·;;-0 (1llOllll1~'bIe),

Vol_c flu n,...p. S.ri_": is themlOlllll offlWd flowing throuah&~
Q_liIIl~_ I.· lidS (slcs!yor~7)

.... dl •

Mau Flu ThNlllglla Sv.rfa": in Ihis alSC!he density doesn't have 10 be constant:

M_lIm~_ fpi·m/S
• ... dI •

Geacral FOnD ofColIM:rvfltto. ofM.. (CODt'lI): tbe rate ofiDcna!e ohu51 withina volUJne, v., lJ'Iustequal
tho Deptive of the Ill&$S flux 0\11 of the sumoe (since the integrals gi.e the mass flux outwards):

fdP +V.(pi)dJf =0.'"
But siDcc the YOIwne is &rbitrwy we C&:Il write the c:onsa"fttion ofmass as:

':+V·(pi)_O or z;:+pv·;_o (lIIIStady,COIIlpressible)

Total Dutrlldve::*'"~+If£+y~+.~ the tint ImD is !be IoCI1 et.nge. !be others m: convect. change.
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Llaearizatlou Te<:bulque: used to convert complieate<l equations into. simpler form. This is done by clllngini
all the variables to: F_ F + f where f is SOI1Ul function such tblt f« F. Place these new variables into CIdl
formula and expand oul all tenns, Cancel any terms tblt IIIIvc multiples oflltc small fWlctions since e square ofa
small number is an even smaller number, thus nl:llllgible.

~ Oae DJ.elUloaal UlUteady Plo,,:~+~ (pu) _0 (continuity cq'n), : +u:+~: _0 (momentwn eq'n).

f--' ,PP I a'p tiP
Wave Equatloa: -, .. ,-, where c is thc speed ofsound., c' .-.

&c&t dp
IdeaJ. Gu La,,:P .. pRT wbich leads to: c .. .{if. For adlabatie (no heat leaving), PI pi _eonst ,c - JriiT.
BulIr.ModulUl: E. p!!!.. -+ c" f! which is the speed in Ill> incompressible fluid.

dp Vp
Compreulblc CoalfO'atlon ofMaa: for steady, inYiscid, and adiabatic. Diffi::reDtia1e, IN:T1ql - !'P,q," 0:

.!.dp +..!.. d<Y +.!. tkJ =0
pds <Yds qds

Iatenlal Energy: defined. as: t,,(intemaienergy)/(unitlIl&1ll).
Co.~lble Ben10uUI Equtio.ll: for steady, inviseid, and lIdiabWe flow is:

P I I P
-+t+-q'+~ .. comt -+ h+_ql+~=eollit wbeM h .. -+t
p 2 2 p

This does DOt work for viscous flow or unstoIdy flow.
Co.pnulble EafllY Equatloo: for steady, inviscid, and acliabatie flow•. Differmtiato the Ilbove and put into
Eu1c::r's EqUltioa:

!!!._.!....!!.e.. o or .!.~_L dp_O
ds p'ds Pds pds

Where tile 2" eq'n is found usin8: t .. CrT, h .. C,T, r. £t, c' ,,"tiP ,and p .. pRT. Integrating the above:
Cr ,dp

p - <;fJ', P- i1T'~H), and p. e,Tu(r-ll
Stapadoa: the point at which tbete Is no velocity. The variables benl are denotod Po, Po, a'ld To. To convert
betwcc:n sta&nation and nomW vallleS use:

%.. I+(r~I)M', ~_(I+(r~l)Mlr-ll, and f;.(I+(r~I)M'r"')
Note: when M >0.3, tXnnpresslbUlty must be takea into ~Wlt.
Co.pnu.lble 1-D Cbauel Flow: using continuity, momeatum, and tIICI'll)' equations you let:

.!.~"_(I_MI).!.dq (compressible) or .!.dA_.!.dq (incompressiblc)
Ads qds Ads qds

If M <I, ~ <0 so increasing areadec:reases speed. If M > I, : >0 so increasinll area increases speed.

1-D IIlc»JlIprealble Flow: v=u(x,y,f)i+v(x,y,/)j and g - g) + g,i so:

dp +V .(pii)=O -. au + &v .. 0 (Continuity Equation)
d/ . &Oy

_ VP +8",ij -+ !!..[IN -"'J,,!!..[vxv1-0 (Hthoholb.ThtOn:m)
p Df&OyDt

Vorticity: Vxv. If Vxv" 0 the flow is ~ed imltatioDai since each fluid element keeps its orlenwion.
Vtdor Poteotlal: Vxv _0 -+ v. V; where ; is called the vector potential.

Laplace'. Eqution: V';. O.
The Stnlm Fuudloll: for 2-D incompressible, lnviscld flow. The streInt l\J.nctlon Is denoted \/' and given by:

au &v alll a\/,. a'ill a'\/,-+-,,0 -+ "".:..r:... aI1d v S1lIO& ~---=o
at Oy Oy & &Oy &Oy

A line where \/' is COlIStant plots out a streIntllne for the flow, therefon::
a., a., c6' vd., .. O--dlr+-dy .. -wlJ+ut9' --jo -,,-
& Oy dlr u

Ifyouehoose a pottDtiaI funetlonas V; .. ii where ':: _u and : "v then , and ., are always perpendicular.

BeraouUI Tbeorem for1-D SleIIdy Flow: imltational, steady, inviscld, incompressible:
PI,-+-q -g.x-g'y-C01UI
p 2

NlMIUp Bypotheeb: fluid MjllCtllt to a aolid mrf_ does not move with respcet to that SUf'6I:e.
PanIld Shear FJowa: steady, incompressible, and viscid. As shear stress ICls on a flukl element, it will shift
from a square element to a parallelogram clement by an angle 8. The shear stress is then given by:

dO du
T"'Pdi or r=p dy

The diroction oftbc "'ear stress is always denOted to the riJht of the IllllIDal. direction on the top and bottom.
SoMar: Shear Streu Probleou: follow tbege steps:

I. Draw the fluid partie1e.
2. Draw lIhear and pres:!Ure fon:es onto the partie1e. F .. TA or F = PA where the area's nOmtllls either

parallel to the prnsunl force or perpendicular to shear force.
3. Rearrange and caneeI 6Jl,6y,6z terms by dividing throUJh ormuItiply on the top and bottom and then

letting (P, -J;)/6Jl-8P1ar, de.

4. Sub in T_P: and integn.te.

S. Apply Be's!l\llch as no-sllp, Q. Iv./idS, de.,
Utlear MODlelltulll Balaace: rate ofaccum. of mv ·l1lte of mi in - rate of mi out. lnIOut meella.nlsros:

I. Mass infoul: ,;w 2. Fort:eS on mrf_ or body: mii Itime
By balaneing all the mrf_ fon:es and body fon:es to d!pU.<\»Mv.]1df (this is for tbex-dim:tion). Dividing

tioth sides by 6xtJ.y&, taking the limit as tbege approach zero, and ISSIIlIlinI the fluid Is incompressible gives:
Navier-Stukes Eqlladoo: lI:lSUlJIing p _ COMI , only gravilatioDai forces, lIIld Newtonian stressIstnLin:

DV ~, ~
p-.. pV ii-VP+pg

D<

Eaergy Equtioll: if q.. hwt gen. and ¢I .. vise.dlsslpation then similar to the Navier-Stokes equation:
vo/.·tlme 1I01_·tlmt

lYT -,
PC'Di=J:V T+4+¢1

Speclel Cootiauity: if Rd '" volumetric productiOllrtltt then again similar to above: DCd '" [)V'C. + R•.
D'
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Bo... ern
The tIIleblcss of. bollAdar)' layer offluld as , surffIcc moves bc:neIIb It, or u the fluid tI'IDYO 0VCf , swkmary
sun.:e Is denoted 6(%). The.shape of this profile, whkb Ibo has IIlIIoSOUS profiles for SIIllonary belu (5. (%))

or omeaIlnltioa (6e (%» surface boImcIIry 1,)'aS is shown below for the cue where the .JIUface moves 10 the left

ortbc f1Wd floWito the rigbt. The bouDcIIry layer \hiI:bess is tbcyva1ue It Ill)' %~ ;,8•.,_0.99.

,

_I.,.,
FOf II"FIow

Velocity Profiles,

;.8.'1'

._0."".

0.99

rn..ttIl'f.... Pr. !.._Pr'" .-(~)>n. '1r _ Y Pr'"
5. " ~4<z(Z/II.). ( )'"~l'fDDlber,Se: -.-Sc"'.-.!. ,"e'-' Sc'"
6e D ~4D(%I.,,}

n- two Dumbml rclatc how fist momeatllm diffilJes (:(I 10 IDISS diffilsion IOd belt .vel •

HCItf T, Wve Flow P'i'obIla For 6:
S~with tile Nl\'ier-Stokcs equ&lioa, Iptit
it iDto vwiousC!Olllpooer!l eqUlliOll3 for U­
~t1'lSl-'. c:IIlC:t:I. terms thIt are IllIl:

tlCOeISIl')'. We feISOl1 thIit ".» •• bec::wsc
ar »ay (Of L »6), 1b::fd"ore drop tile,
U- IIICllwn/um eq'D that you get fzom the

Nlvicr-Stobs fIlIIIIIim. DUreraltiItIDc the
BemaaI.Ii eqaIIioD outside tile bouIldIly Jives,

8P 1 ( "'_)&'--2'P 2v,,& _0 'IIl'bIcbembesubbcd

If,
imo the % liDcc IIlDllIl:Iltum eq'D aioaa with 7i;f'- 0 shu the velocity pcnt irI1bc: % dUcction is small. The

:l'"LM oquatioa bo:eomes: (II.~+II,,~.) _..[~l Simlhll'lnalogoussolutlons eIl\ be found for T or Cd·

Appl)'illa bouodIry collditiOll5 you set the result:

"-J Y • (xIII.) Is tile coitlCt dllIe
41'(%/11.)

ADOtbc:r importaIlt AllBtionship Is:

(:;).. -(:;L. -(1;1... _0.664

'IIl'bIcb is die: iDitill &lope 011 the cIiIlP- 10 tbe-ThiubmwlIl: ;,8,1'"-0.99 (wbeRtbc

bor.IndIry Iaya- Is) tbIt q - 2.S. I..ccdIlc the

bdPt be , - 6 •tile bouDcIIry Iaya-~ is: . '",,-2.5- -+6--,:--
~4,,(%/Y.) v"".

WbeR Re. _!.C isalled the 1AeI1Rtr~ l'f_bet'. 'I'bb~ 10 two otbcr dimellSiollless DUIIlbers:,

. .

FOftbeQICwhlnnuidDtxtto.~ba, v_.,. T_T,.cd C. _C... aM •••T••C... inltle.buIknuidin
which tbc surf.ee moves up~ ) in the veloc:ity use. or has. urt&in temp. Of (:(Inc. for healllIl&5lI
IrlIDSfcn cues respectively. At various timeII t, Ibe cffecu in the fluid _ felt f&rthe;r from the surface (lR%-dir)_
Dlaleuloullxe V• .ubk::il: the followinll arc (:(ImmDn veriablcs used to dimensioollizcequetlons:

; .-v, • T-70 C.. -C""_ • _ ,DC¥,- ,

v.-v, T,-To C... -C..
SIal11aril1 Solution:. method for conveni.n& POE'. to ODE's so tbIt you can solve th=I. Use the variables:

• • •
rw-~'''H _~,or",,_~

,,41'1 ,,4crt . v4Dl
YO\I must IOrTite all variables iD tenDS of ;.8.0Jrll' IIld thea use the chIiD rule, for _pic:

iJ; .'8; iJ" ;' • ( 1 ~.) ;' v;" ;' 'a;'_____ ~ --t ... -+--,,__ -+ __...,
at iJ'1 at '141' 2 21 4..t

Now ooly two (:(InditiDIII arc nccdcd 10 solve the~ order ODE. You can use initial (:(Inditions or OC'.. Also, if

we k:c 1_;' thea df /tIq - -"btl which letds lO: 1-c"exp{-,,')-d;ld'1' From this we tolve for; as:
,

; - e" Jexp(--hl )46 +c, (II iI jllSt. etumm)' vWblc),
£rrw FQdioo: is used to evalllI1e the abow inlCgrli. The UfOf f\I:lctioo is defioed as:

2 •
of(.)--,-J.......... of(Oj-O ... of(-j-1

",
-n.u. we em wri&e: ; -e" ';~(,,}+c, to which)'Oll em apply tbcc:ondilioos dis<:us;sed &bow. Also:

;,8,'1' -I-u!(,,) "ufi:('1) (C'O_l'ti-tarJ ernr r.KtloIl where q - ""."".ot''1,,)
Dcpa. ofPaacendoa: ddiocd &I~Db II tile time I wberc ;.8•.,.- 0.01. It is given by:

6.- 4&. 6" _ 4&,&NJ 6u 1£ 4-fij
The maher the viscosity, the fastc:r linear IllOlJlcntum is ~fcrrcd to ,fluid when in (:(Intlcl with, movins
surli thus causes, hi~hdi~ Think ofhnl\o &NJ Wlter booev is mOAl viscous and is more o:listurbed.

RelmlDailll each of the Ibove formulas with: I' _ /!... ,,_....L IDd '7 - c, for IOlids IIld liquids:
P IK.

DV - _ [ VP _] Dr • [;+IJl] DC -__"V'.+ __+' . __" IT+ • .::.:::L_OV'C.. +(R.)
Dt P Dt pc, Dt

1'be:se forms _ used 10 Ippl)' bowdIry oonditiotls 10-

GeDenJ ~douIIlpI:llitadyswe 111 dl.- O.
For Tempentwa:

• FOf~questiomwithDOvdoc:ity: •••••••,-0.

• Iftbae ill 0lIl)' & tcmpel"ItUte~ iD tbcz.dir Ibm: dldy,d lar _0.
• IfDO amention or viJIClOIIs djsoipMim thai: 4.Gl_ 0 •

For Flow iD Pipea:
• Full)' dt\tdoped Dow maDs: dI. _ o.
• Expect v. as. fimc:UoD of r_
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Good Luck on all your exams. We....uh you lhe very best io all your Ae.dcm.icsl
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C 2007 Review-Mate:

H....N_bu, N.: s1mplificsasimiar situatiOllI(l tbc linear lIllllIle:lltum <::a$C rorbclil A:

NII••Y-o.J32(ReS"~ 1I,_O.3)U(!=.)tn and Nu... .!.JNII.(x)d.t-O.664(ReS"
.t "X L.

S~H.-ber, SII: simplifies a similar si\lalioa. I(l!be linear_h,m aqe: for dillUsiOll .,:

( )

,n ,
SIr._.2_0.))2(Re.)'" ~ .t._O.))2D!a. and SIr... .!. ISIr.(x)d.t.O.664(Re.)'''

D .. r L.

SIIca:r 11'0,": F _ C,. +1"1'..' xwldlhlt;L SllleO Foreo. StreslIlt~
""P.

StutoD Nll.O:Iber, St: used 10 telaU: somoofthc dimensionless numbcr.l..

Equalina ~Iocil)' and heat: S-_81Pi'" wbcre St_ hIpCe .
2 ".

EqIWiq ~Iocity and mass Itansfet: s.. 81 Pr'l' • 81~'Il when: 81... • 1:...
2 ~

Thus, evea lfyou can'l<leteniiinc tbc velocity, beat, or llIUlIIlrm1fcr, you can telue Ule) willi tbcse equaUocIs.
Othr RUtIo.uq.: usilIa all tile infonMlion from Ibove to wrilO tile shear slnla .,:

r.-C,tpv,.t and r••p (~)~ .p($)(~:lJ~)

Sialplilyina_ oftbcdcri....aivcs as; ~_(.... _'.)_ .... mcI all. I •tbeDequaJiD.a lhe lWO Jives:
d; ay ~4v(r/ .... )

(d;) • tPl'..C, J...(xl ... )
dll .. p

A simillr &ppl'llIICh for 1emperallK'CS gives:

(.!!..) .!J...(r,.".. )
dq,.....t Pr'"
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